Several multigrid schemes arc considered for the numerical computation of viscous hypersonic flows. For each scheme, tile basic solution algorithm employs upwind spatial discretization with explicit multistage time stepping.
Subsequently, the shock detection mechanism built into the central-difference scheme was improved in [5, 6] . In order to have strong shocks and slip lines resolved with fewer computational points, the central-difference scheme was replaced with an upwind-type scheme in [7] [8] [9] . Since the high-frequency damping properties of upwind schemes are generally less controllable compared with central-difference schemes, a variant of the standarcl multigrid approach was also used in [8, 9] tion with third-order upwind differencing and implicit approximate factorization schemes. Koren and Hemker [14] solved the steady Euler equations with multigrid and point relaxation applied as the smoother. Using damped restriction and upwind prolongation, they reported impressiveconvergencerates for high-speedflows around bhmt bodies. The present paper describes recent efforts to understand and to improve the use of multigrid schemesfor the computation of hypersonic flows. First, various two-level nmltigrid schemeswith and without semicoarseningare introduced. Then we use Fourier analysisof the schemes, when applied to the two-dimensional convectionequation, in order to study the behavior of their components. For each multigrid approach, the solver uses upwind discretization combined with an explicit multistage scheme.We next consider the numerical solution of the Navier-Stokesequations for hypersonic flows. In Section 5, the basicelementsof the flow solverfor theseequationsare described. Somedetails concerning the application of the time-stepping schemeto fine and coarsegrid problems are presented in the first part of Section 6. The extension of the two-!ew'l schemesto multilew'l ones is then discussed.Elementsof multigrid that are of particular importance fi)r high speed flow computations are given. In the results section, we consider three different hypersonic flow problems to assessthe capabilities of the multigrid schemes. The effect of stiffness, arising from coordinate grids with high-aspect-ratio cells and from flow alignment, on the performance of the multigrid methods is examined. The benefits of semicoarsening are clearly demonstrated. Moreover,with the semicoarseningstrategiesbeing considered, good convergencerates are obtained for Reynolds numbers up to 200 x 10Gand Mach numbers up to 2,5.
Multigrid Strategies
To set tile stage for the discussion relating to multigrid in subsequent sections of this At each point (i, j), we consider a corresponding cell (C/);,j with corners at (i-1/2,j-1/2), (i+ 1/2,j-1/2), (i+ 1/2,j+ 1/2), and (i-1/2, j + 1/2). Suppose we approximate the spatial derivatives of (3.1) with first-order upwind differencing. Then, we obtain -(-1F(%%-1%-2""" _l)Zp-1.
( Let ZR = re(Z), Z_ = i. _r.,,_(Z).
Then, ifp >_ 3, the P of (3.11) is replaced by
(3.12)
In this paper, wc consider a (5, 3) scheme where the dissipative evahmtions are weighted.
For this scheme, the symbol of the residual flmction corresponding to the (k + 1)th stage is written as [ ] where rz = (1 -_-3), 1-'5 = (1 -75), _3 = 0.56, and _5 = 0.44.
time-stepping operator is given by
The symbol of the
One can extend the stability range of the explicit scheme of (3.8) with implicit residual smoothing. For two dimensions, the residual smoothing can be applied in the form
where the residual (7_y) (0 is defined :,sing (3.9) as
A and V are tile usual forward and backward difference operators, and l = 1,..., p, with p being the number of stages in the scheme. The variable coefficients fl_ and/3, I are defined as follows: where /l_. and py are the standard averaging operators for the x and y directions. The symbol of this operator is given by
If we now apply the p-stage scheme, we obtain at the corresponding point of the G¢,1 Moreover, in this case, where we are considering full coarsening, the fine-grid approximation is
and thus,
with gc denoting the coarse-grid amplification factor.
We now apply the multilevel uniform analysis to two semicoarsening multigrid strategies (see Figure  1 ). Let Ge,_ and Go,2 be two coarse grids containing (rn//2) x n I and m I x (hi 2) cells, respectively. In the case of semicoarsening with simple averaging, we express the Fourier transform of the update for the fine-grid solution as
where wl = co2 = 1/2. Then the amplification factor associated with the coarse grids is given by
With sequential semicoarsening, we can use weightings of 1.0 for the coarse-grid corrections by improving the estimate of the initial solution on either grid Gc,2, as indicated in Figure   1 , or Gc,1. The coarse-grid correction &bc,1 is given by (3.26), and the other one g_bc,2 is given by
(3 
The scaling factor /_e-: The blending coefficient, fl, accounts for the cell aspect ratio. It is given as to about two at the shock.
Multigrid Schemes
For the numerical solution of the Navier-Stokes equations, the two-level strategies presented in Figure  1 are extended to multilevel schemes, as displayed in Figure 7 . The only differences between the two-level schemes and the multilevel schemes occur in the restriction process. The 129 x 81 mesh is successively coarsened down to 9 x 6, which yields 9 grid levels with semicoarsening and 5 levels with full coarsening. It is expected that the semicoarsening strategy should eliminate most of the stiffness associated with aspect ratio. The converged flow solution is shown in Figure  10 . The computed extent of separation in the corner is somewhat smaller for the coarse mesh than for the fine mesh. Note that the result of the fine mesh agrees very well with grid-converged computations published in [13] .
In the next figures, we analyze the performance of the different multigrid schemes.
For this purpose, computations are started from a solution which was converged to about plotting accuracy. Figure  11 compares the different schemes of For this scheme, the effect of the modifications shown in Figure  8 is investigated in Figure   12 . One finds that the meshes obtained by fldl coarsening and by semicoarsening in the = =_ m direction normal to the wall are both important to achievegood convergencerates. From Figures 11-12 ,we conclude that semicoarseningwith a selectednumber of coarsemeshes is most effective for this flow problem; however, fldl coarseningdoes a surprisingly good job becauseof its low work count. Figures 13-14showimprovementswhich may be gained by using more than a single time step on the coarsemeshes.The full coarseningscheme, Figure 13 , gives only marginal gains when using more than two time steps on the coarse meshes. The sequential semicoarseningscheme, Figure 14, gives an initially improved rate, whereasthe final rate is not affectedby more work done on the coarsemeshes.It is thought that the capabilities of the multigrid approachare put to full usefor this test case. Further improvements are forseenonly if the remaining stiffnessin the discrete equations, that is the differencesin the characteristic speedsof acoustic and convective waves,can be overcomeby some proper means. A comparison between single mesh and multigrid computations is given in Figure 15 . We find that the nmltigrid schemewith sequential semicoarseningconvergeswithin one tenth of the computing time required fi_r tile single meshscheme.
The grid generatedfor the ramp flow is well suited to study the grid-alignment problem which occurs for inviscid flow over the ramp. Figure 16 showsconvergencehistories of various schemesobtained by using a slip-wall boundary condition and omitting the viscous 
